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ABSTRACT
We find a necessary and sufficient condition for an element of prime or-
der in a finite group to be in a normal p-subgroup. This generalizes the
Baer-Suzuki Theorem. Our proof depends on a result about elements of
prime order contained in a unique maximal subgroup containing a result
of Wielandt. We discuss various consequences, linear and algebraic group
versions of the result.

1. Introduction

The Baer—Suzuki Theorem (cf {G1, p. 105]) asserts that if X is a subgroup of a
finite group G and every pair of conjugates of X generates a nilpotent subgroup,

then the normal closure of X in G is also nilpotent. There are some very short
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proofs of this result (cf [AL]). Observe also, that it suffices by induction to prove
the result for subgroups of prime order.

In this article, we show that a weaker condition actually suffices. The proof,
however, depends upon the classification of finite simple groups. We first in-
troduce some notation. If z,g9 € G, let 29 = g~ 'zg and let [z,9] = 27129 =
z~1g7 zg. Let O,(G) denote the largest normal p-subgroup of a finite group G.
Let Op/(G) denote the largest normal subgroup of G which is a p’-group. Our

first main result is:

THEOREM A: Let p be a prime. Let G be a finite group. Let x € G be an element
of order p such that [z, g] is an p-element for every g € G. Then z € Oy(G).

An easy consequence of the previous result is:

COROLLARY B: Let p be prime. Let G be a finite group. Let X be a p-subgroup
of G such that [z, g] is a p-element for every z € X and g € G. Then X < 0,(G).

The Baer-Suzuki theorem is an immediate consequence of Corollary B. We
should note that if p = 2, then Theorem A is equivalent to the Baer-Suzuki
Theorem. Thus we need only prove the result for p odd (although our proof does
go through for p = 2 as well). The proof proceeds as follows — if G is a minimal
counterexample, it follows easily by a result of Wielandt [W] that z is contained
in a unique maximal subgroup M. We use results of Aschbacher [A2] and Seitz

[S] to prove the following result of independent interest:

THEOREM C: Let x be an element of order p in the finite group G. Assume that
z is contained in a unique maximal subgroup M of G and that M contains no
nontrivial normal subgroup of G. Then the Sylow p-subgroup of G is cyclic or
O,(M) =1 and G = A;p with p > 13.

If M contains a nontrivial normal subgroup, an easy induction argument com-
pletes the proof. If the Sylow p-subgroup of G is cyclic, we use a block theoretic
argument to obtain a contradiction.

We also consider the opposite situation — when each [z, g] is a p'-element. In
this case, the result follows from the Z*-theorem and its analogue for odd primes

(the proof of which depends upon the classification of finite simple groups).

THEOREM D: Let G be a finite group. Let © € G be an element of prime order

p-
(i) If [z, 9] is a p'-element for every g € G, then z is central modulo O, (G).
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(ii) Ifr # p is prime and [z, g] is an r-element for every g € G, then z is central
modulo O.(G).

Theorems A and D yield:

COROLLARY E: Let G be a finite group and p a prime. Let X be a subgroup of G
such that [z, g] is a p-element for every z € X and g € G. Then [X, G] < 0,(G).

As Aschbacher [A1] has observed, there is a linear version of the Baer—Suzuki
Theorem (in fact, the two versions follow from one another). We mention two
such results here (Aschbacher’s version was under the assumption that (X, X?)
is unipotent for all g € G). The first follows immediately from Corollary E. The

second depends upon results on algebraic groups.

COROLLARY F: Let V be a finite dimensional vector space over a field k. Let
G< GL(V). Let X < G such that [z, g] is unipotent for all z € X,g € G.

(i) [G,X] is a unipotent normal subgroup of G.

(ii) If X is triangular, then (X9|g € G) is triangular.

COROLLARY G: Let V be a finite dimensional vector space over a field k. Let
G < GL(V). Assume that either k has characteristic 0 or that G is connected. If
X < G and (X, X9) is triangular for each g € G, then (X9|g € G) is triangular.

The paper is organized as follows. In section 2, we prove Theorem A when
the Sylow p-subgroup is cyclic. In section 3, we prove Theorem C, complete the
proof of Theorem A and prove Corollary B. In section 4, we prove Theorem D. In
section 5, we discuss some consequences of the theorems — in particular, linear
versions of the resulis.

It is difficult to see how these results can be improved much. Probably Theorem
A is true if we only assume that « is a p-element and replace the condition that
every commutator with z be a p-element by the condition that every commutator
with z is either 1 or a p-singular element.

If z € S, is a transposition, then for any ¢ € Sy, [z,9] has order 1, 2 or
3. Thus, there is little hope of replacing p by a set of primes in Theorem A.
Similarly, if z € A, is a 3-cycle, then [z, g] has order 1, 2, 3, or 5 for any g € S,
(and more generally if z € A, is a p-cycle, then any commutator [z, g] has order
which is a product of primes all less than 2p).

It i1s perhaps worth mentioning an easier result of a similar nature. Let G be

a finite group and « is a set of primes. If every commutator in G is a 7-element,



284 R. M. GURALNICK AND G. R. ROBINSON Isr. J. Math.

then G' is a m-group. This follows immediately from the Focal Subgroup Theorem
(cf [G1, p. 250]).

2. Cyclic Sylow Subgroups

We prove Theorem A when the Sylow p-subgroup of G is cyclic. Indeed, we will
prove a stronger version. The proof is block theoretic. See [F, Chapter VII] for

a summary of the results about blocks with cyclic defect groups.

THEOREM 2.1: Let G be a finite group, = in G a p-element with p a prime. If
(a) G has cyclic Sylow p-subgroups, and
(b) [z,9] =1 or [z,g] is p-singular for each g € G,
then x € Op(G).

Proof: Note that if p = 2 and G has a cyclic Sylow 2-subgroup, then G has a
normal 2-complement. Then the hypothesis implies that 2 € Z(G) and the result
follows. So assume p is odd. We also may assume that z # 1.

Let H = Cg(z). Let 1 € T be a right transversal to H in G. If x is a complex
irreducible character of G, then, since C; := Y ,cp2' is represented (in any
representation affording x) by the scalar matrix of trace (G : H]|x(z), it follows
that

1 > x(z7'a') =[G : Hlix(=)*/x(1).
teT

Let P be a Sylow p-subgroup of G containing z and e = [Ng(P) : Cg(P)).
Note that since P is cyclic, e|(p — 1). Set p* = |P|.

Let B denote the principal p-block of G. Recall that since P is cyclic, all
irreducible characters of B are constant on nonidentity p-sections (if y is a p-
element of G, the p-section corresponding to y consists of all elements of G whose
p-part is conjugate to y). There are e nonexceptional characters 1 = p1, p2,. .., fte
in B such that for each i, there is a sign ¢; such that u;(y) = ¢; for all p-singular
elements y. There are (p® — 1)/e exceptional characters in B which agree on
p-regular elements.

If ) is a nontrivial linear character of P, let A* denote its orbit under Ng(P).
Let A denote a full set of representatives for the orbits of Ng(P) of the nontrivial
linear characters of P. For each A*, there is an exceptional character x+ with

the property that there is a fixed sign € (independent of A\*) such that for any
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y € P# := P — {1}, xa- takes on the constant value € 3 5c,. B(y) on the
p-section of y.

Consider (1) when x = y; is a nontrivial nonexceptional character in B. Then
pi(z) = €. Similarly, since z71z! is p-singular for each 1 #t € T, x(z71zt) = ¢;.

We thus obtain [G : H]/(p:i(1)) = 1i(1) + (|G : H] — 1)ei, and so

(G : Hlei(ei — pi(1))/(1:(1)) = pi(1) — €.

If 4i(1) = €;, then ¢; = 1 and P is contained in the kernel K of g;. By induction,
z € Op(K) < 0,(G), and the result follows. Otherwise, —&;[G : H] = pi(1),
forcing ¢; = —1. So we may assume that ¢;, = —1 for i = 2,...,e.

In particular, y;(1) = [G : H}]. Also, observe that if e = 1, then G has a normal
p-complement (cf [G1, p. 252]) and the hypothesis implies that z is central and
so in O,(G). So we assume that e > 1.

We provide two proofs at this point.

First, observe that Z = Z(G) is a p'-group (since e # 1). If Z is nontrivial,
then by induction 2Z € Oy(G/Z). Hence z € F(G), as desired. Thus Z = 1.
We next claim that G = (z,29) for some g € G. Otherwise, by induction (z)
is normalized by (z,29) for all g € G. This implies that z € O,(N) < 0,(G),
where N = (z9|g € G).

Thus HNHY < Z = 1. Since G # HHY, it follows that |G| > |H|*>. On
the other hand, we have shown above that there is an irreducible nonexceptional
character ¢ in B with p(1) = [G : H]. Thus [G : H]? < |G| and |G| < |H|?. This
contradiction completes the proof.

For a second proof, note that it follows from the block orthogonality relations
that

(2) Y x(x(z) =0.
x€B
If e=p—1and a =1, then by a slight abuse we may regard all characters of
B as nonexceptional. Then (2) yields the contradiction 1 — (p — 1){G : H] = 0.
We therefore assume that 1 < e < p* — 1.
Letting x». denote a fixed exceptional character in B with A\* = {$,,..., 8.},
we have x)» = (/1 +... + B) on P#_ 1t follows from (2) that

1-(e—-1)[G: H]—exa(1)=0.
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Since ¢ > 1, ¢ = —1. Summing (1) over all the exceptional characters, we
obtain (observing that the exceptional characters sum to take value —ey on each
p-singular element of G):

[G: H|([(»* - e)/xx- (V)] = 1) = [(p* — 1)/e]xx+ (1) - 1,

forcing xa+(1) < (p* — e), a contradiction as xx+(1) = —e(mod p*) (for notice
that xa»+ 51 +- - -+ 8. vanishes on P# and so must be a multiple of the character

of the regular representation of P).

3. Unique Maximal Subgroups

We first prove Theorem C. The proof is based on a result of Aschbacher [Al,
Theorem 2] which in turn partially depends on a result of Seitz [S].

Proof of Theorem C: First consider the case that p = 2. Assume that z is an
involution of G and is contained in a unique maximal subgroup M of G which
contains no normal subgroup of G. Let A be a proper normal subgroup. Since
A is not contained in M, G = (A,z). Hg€ G, set W, =W = (z29). H W is
normal in G, then G = (Y, z) for any nontrivial subgroup Y of W. It follows that
G is dihedral of order 2r for some prime r. If r is odd, then the Sylow 2-subgroup
of G is cyclic. If r = 2, then M is normal in G. So we may assume that W is
not normal in G for any ¢ € G. Then z € Ng(W) and so Ng(W) < M. In
particular, ¢ € M and so M contains the normal closure of z.

So assume p is odd and a Sylow p-subgroup of G is not cyclic. Thus = € E,
an elementary abelian noncyclic p-subgroup. Hence M is the unique maximal
subgroup containing E. It follows from [A2, Theorem 2] that one of the following
holds:

(a) G is a group of Lie type of rank 1 in characteristic p and M is a Borel

subgroup,
(b) p =35, G = Aut(Sz(32)) and M is the normalizer of a Sylow 5-subgroup,
or

(¢) G = Azp with M the normalizer of A, x A,.

First consider (a). If G = Ly(g) with plg, then there is a unique (in Aut(G))
class of elements of order p. It follows that z is contained in a Borel subgroup
and also a subgroup isomorphic to Lz(p). Thus ¢ = p and the result holds.

If G = Us(q), there are two classes of subgroups of order p. Of course, z is

contained in a Borel subgroup. If r is a transvection, then z € H = SLy(p)
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(acting reducibly). If z is not a transvection, then x € H = L,(p) (acting
irreducibly). Thus, z is not contained in a unique maximal subgroup.

If G = 2G,(3*™*!) (with p = 3), then it follows by [Wa] that every element
of order 3 is conjugate to an element of 2G2(3) = Aut(L(8)). Thus m = 0.
Since the Sylow 3-subgroup of Ly(8) is cyclic, G = Aut(L,(8)). Since z ¢ G', it
follows that z induces a field automorphism on L3(8) (there is a unique class of
subgroups of order 3 in G not contained in G') and z € Ng(S) for some Sylow
7-subgroup of G. Thus z is contained in more than one maximal subgroup of G.

Now consider (b). Since z ¢ G', it follows that z induces a field automorphism
on G'. Thus z normalizes a Borel subgroup of G' and hence is not contained in
a unique maximal subgroup.

Finally consider {c). A p-cycle is obviously contained in several maximal sub-
groups. Thus z is a product of two disjoint p-cycles. Clearly z is contained in
N, the normalizer of A, x A,. Note that N is maximal, for if N < X, then X
is primitive and contains a p-cycle, whence X = G. Since Op(N) # 1, it only
remains to prove that p > 13. Note that if 2p = ¢+ 1 with ¢ a prime power, then
z € Ly(q) £ Agp. This is the case for p = 3,5,7 and 13. If p = 11, then z € Ma,.

This completes the proof of the theorem.

We note that for G = A,p and r a product of two disjoint p-cycles, then z will
often be contained in a unique maximal subgroup (containing A, x 4,). This will
be the case unless there exists a nontrivial primitive group of degree 2p (note that
for p > 5, it follows from the classification of finite simple groups that primitive

groups of degree 2p are in fact 2-transitive).

Proof of Theorem A: Let G be a minimal counterexample. Let X = (z). Clearly,
we may assume that O,(G) = 1. We may also assume that X is not contained in
any proper normal subgroup K of G. For if so, then by minimality X < O,(K) <
0,(G). In particular, it follows that G = (29|g € G). If X < H with H a proper
subgroup of G, then by the minimality, X < O,(H). Thus X is subnormal in H.
It follows by [W] that either X is subnormal in G or X is contained in a unique
maximal subgroup M of G. If X is subnormal in G, then X < K with K normal
in G, a contradiction as above.

So we may assume that X is contained in a unique maximal subgroup M and
moreover that X < Op(M). In particular, M is a p-local subgroup.

Let K be a nontrivial normal subgroup of G contained in M, P a Sylow p-
subgroup of G containing # and @ = P N K. By the Frattini argument, G =
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KNg(Q) and = € Ng(Q). If Ng(Q) is proper in G, then, by the uniqueness of
M, Ng(Q) < M. This implies G = M, a contradiction. Since O,(G) = 1, this
implies @ = 1 and K is a p'-group. Also, by minimality KX/K < 0,(G/K).
Thus as G is the normal closure of X, G = KP with P a Sylow p-subgroup of
G. Since [X,K] = 1, it follows that G = K x P and so X < P = 0,(G), a
contradiction. Thus M contains no nontrivial normal subgroup of G.

By Theorem 2.1, the Sylow p-subgroup of G is not cyclic. By Theorem C,
O,(M) = 1. This contradiction completes the proof.

Proof of Corollary B: We may assume that Op(G) = 1. We claim that X = 1.
If not, choose z € X of order p. Then z satisfies the hypotheses of Theorem A
and so z € 0,(G) = 1, a contradiction.

4. The Proof of Theorem D
We first sketch a proof of the odd analogue of the Z* theorem. It is well known

to many that it follows easily from the classification of finite simple groups. See

also [Ar].

THEOREM 4.1: Let G be a finite group and p a prime. If z € G has order p and
is not central modulo Op/(G), then z commutes with some conjugate z9 # z.

Proof: Let G be a minimal counterexample. We claim U = Op(G) = 1. If
not, then by minimality, there exists a conjugate y of z such that zU # yU and
[z,y] € U. By Sylow’s theorem, applied to (U, z,y), it follows by replacing y by
some conjugate (under U), we can assume that z,y are contained in a p-subgroup.
Then [z,y] is both a p-element and a p'-element. Hence [z,y] = 1 and G is not
a counterexample.

So 0p(G) = 1. Let X = (z). So X is not central in G. If X is contained in
a normal subgroup K, then X < Z(K). So we may take K abelian. Then any
two conjugates of z commute, a contradiction. It follows that G is the normal
closure of X.

If a Sylow p-subgroup of G is cyclic, it follows that for any nontrivial p-subgroup
Y, Ng(Y) = Cg(Y) (since we may assume that X <Y by conjugation - then
Ng(Y) € Ng(X) = Cg(X)). Then G contains a normal p-complement (cf [G1,
p. 253]). Since Op(G) = 1, this forces G to be a p-group and X to be central.

So we may assume that a Sylow p-subgroup of G is not cyclic. Moreover, we

may assume that X is central in any proper overgroup H with Oy (H) =1. In
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particular, X is central in any p-subgroup containing it and X centralizes Op(G).
Since the same is true for any conjugate of X, it follows that 0,(G) = Z(G). In
particular, Op(G/0,(G)) = Op(G/0,(G)) =1 and X is nontrivial in G/O0,(G).
If 0,(G) # 1, then there exists a conjugate of z, y # z such that [z,y] € Op(G).
It follows that =,y generate a p-subgroup and as we observed above, this implies
that [z,y] = 1, a contradiction to the fact that G is a counterexample. Hence
0,(G) = 1. It follows that G contains a normal subgroup A which is a direct
product of groups L; each isomorphic to a fixed nonabelian simple group L.

Since Op(G) = 1, p divides the order of L. If z does not normalize each L;,
then  will normalize but not centralize a Sylow p-subgroup of A, a contradiction.
Thus z and every conjugate of £ normalizes each normal simple subgroup of A.
Hence A is simple.

It follows by [Gr] that z cannot induce an outer automorphism on A. Also,
z cannot centralize A (for this would imply that G, the normal closure of z
centralizes A). Thus z induces an inner automorphism on A and so we may
assume that G = A. We now apply [G2, 4.250] to conclude that G = Us(p);
G 2 Mc,Co,, or Coz with p = 5; G = G2(q),q # 3" or J, with p = 3; or
G = J4 with p = 11. It is straightforward to verify that in each of these cases,
Ng(X) # Cg(X), whence there exists g € G with z # 29 € X. This completes
the proof.

Proof of Theorem D: (i) We need to show that z is central in G/0,(G). If not,
then, by the previous result, z commutes with x9 # z. Then [z,g] = 2™ !29 is a
nontrivial p-element. This contradicts the hypothesis.

(i) We may assume that O,(G) = 1. By (i),  is central modulo A = 0,(G).
Let @ be a Sylow g-subgroup of A for a prime ¢ # r. By the Frattini argument, z
normalizes some conjugate of @ and by hypothesis, = centralizes this conjugate.
Similarly, z normalizes some Sylow r-subgroup R of A. Thus A = RC4(z) and
so [z, A] = [z, R] is a normal r-subgroup of A. Thus [z, A] < O,(G) = 1. Since
B = (A,z) is normal in G and z € Z(B), it follows that [z, ¢] is a p-element for

all g € G. By hypothesis, it is also an r-element. Thus z € Z(G), as desired.

Proof of Corollary E: Let G be a minimal counterexample. We may assume
that Op(G) = 1. We need to show X is central in G. It suffices to assume that
X is an r-subgroup for some prime r. If » = p, the result follows from Corollary

B. If r # p, it follows from Theorem D(ii) that every element z of order r in X
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is central.

In particular, Y = X N Z(G) # 1. Since 0,(G/Y) = 1, it follows by induction
that X/Y is central in G/Y. Hence, if g € G and z € X, [g,2z] € Y, a p'-group
and [g, z] is a p-element. Thus X is central in G as required.

5. Linear Groups

Let k be a field of characteristic 7. A subset of matrices is said to be triangular if
it is conjugate (in GL,(k)) to a subset of the set of upper triangular matrices. It
is fairly easy to translate between results about finite groups and linear groups. A
result about linear groups will apply to finite groups since we can always embed
the finite group in a linear group of arbitrary characteristic. Thus, for example,
Aschbacher’s linear version of the Baer-Suzuki Theorem [A1l] certainly implies
the classical Baer-Suzuki Theorem. Since finitely generated linear groups are
residually finite (and even more), it is not too difficult to obtain consequences
for linear groups from corresponding results about finite groups.

The mechanism for translating our results about finite groups to linear groups

is provided by the next result.

LEMMA 5.1: Let G be a finitely generated subgroup of GL,(k). Let r be the
characteristic of k. Let z,,...,2,, € G¥ and y1,...,ya be elements of G which
are not unipotent. There exists a homomorphism p : G — GL,(F) with F a
finite field with the following properties:
(a) For eachs,j, p(zi) # 1 and p(y;) is not unipotent.
(b) If r > 0, then F also has characteristic r. If r = 0, then F can be chosen
to have arbitrarily large characteristic.

(c) p maps unipotent elements to unipotent elements.

Proof: Let R be the finitely generated subring of k (containing 1) generated
by all the matrix entries of the generators (and their inverses). Note that G <
GL,(R). Let a; be some nonzero entry of I — z; and let b; be a nonzero entry
of (I —y;)". Let S = R[a,-_l,bj_l,l <i<m,1<j<d. Ifr =0, replace S by
S[1/¢!] for any fixed positive integer c. Let J be a maximal ideal of S and set
F = §/J. Since F is a field which is finitely generated as a ring, it is a finite
field. Note that F has characteristic » if r is positive and has characteristic s > ¢
ifr=0.
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Consider the natural ring homomorphism p : M,(S) = M.(F). Then p in-
duces a group homomorphism from G into GL,(F). Since p(a;) # 0 # p(b;),
p(zi) # 1 and p(y;) is not unipotent.

Obviously, p maps unipotent elements to unipotent elements.

As an illustration, we prove the following well known result. We give a proof

which is a bit different than the usual one, but is in the spirit of this section.

LEMMA 5.2: Let G be a subgroup of GL,(k). The following are equivalent:
(a) G is triangular.
(b) G’ consists of unipotent elements and if g € G, then all eigenvalues of g are
in k.
(c) Every commutator of G is unipotent and all eigenvalues of elements of G
are in k.

Proof: Clearly (a) implies (b) and (b) implies (c). We prove (c) implies (a).
Since we are assuming all eigenvalues are in the field, there is no loss in assuming
that k is algebraically closed. There is no loss of generality in assuming that G is
finitely generated (if every finitely generated subgroup of G fixes a line, so does
G).

If H € GL,(F), F a finite field of characteristic r with every commutator
an r-element, then as we abserved in the introduction, H' is an r-subgroup. In
particular, H’ is nilpotent {of class at most n). Thus, the same holds for G by
the previous Lemma.

Now we do a double induction on the derived length of G and on n. If G is
abelian (or in particular n = 1), the result is clear. Since the derived length of
G' is less than that of G, it follows that G’ is triangular. Since G’ is generated
by unipotent elements, it is thus unipotent. By induction on n, we may assume
that G acts irreducibly. However, the fixed points of G' are G-invariant and are
nonzero. Thus G' = 1, G is abelian and the result follows.

We now prove Corollary F, which can be viewed as the linear version of Corol-
lary E (note that Lemma 5.2 is essentially the case X = G - of course, the proof
of Lemma 5.2 does not depend upon the classification of finite simple groups
while the next result does). For the convenience of the reader, we restate the

result.

THEOREM 5.3: Let G < GL,(k). Let X < G. If [z,g] is unipotent for every
z € X and g € G, then
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(a) [G,X] is a normal unipotent subgroup of G, and
(b) If X is triangular, then (X9|g € G) is triangular.

Proof: (a) [G,X] is always normal in G. We may assume that G is finitely
generated. Suppose y € [G,X] is not unipotent. Then, by Lemma 5.1, there
exists a homomorphism p : G — GL,(F) with F a finite field of characteristic s
such that [p(z), p(g)] is unipotent for all x € X, ¢ € G (and in particular is an
s-element) but p(y) not unipotent. By Corollary E, [p(G), p(X)] is an s-subgroup
and so p(y) is unipotent, a contradiction.

(b) We may assume by induction on n that G acts irreducibly. In particular,
(G contains no normal unipotent subgroups. Thus, by (a), X is central. Since X
is triangular, the result follows.

We should note that it is not true that if (X, X9} is triangular for each g € G,
then (X9|g € G) is necessarily triangular. An easy example is obtained by
letting k be a field of characteristic 3, G = S,, < GLp(k) withn>3andz € G
a transposition. Then (z,z9) is either elementary abelian or is isomorphic to S3.
It follows by Lemma 5.2 that (z,z9) is triangular. Clearly, G = (29|g € G) is
not triangular.

Note that in the above example, it follows that [g,z,z] is unipotent for all
g € G, but [G, z] is not.

A similar example can be constructed for fields of any odd characteristic. Let
k be a field of characteristic p for some odd prime p. Let D be the dihedral
group of order 2p and embed D < S, < GL,(k). Let G = ED, where E consists
of the diagonal matrices of determinant 1 with order at most 2. Let € D be
an involution. Then it is straightforward to check that for any g € G, either z
commutes with z9 or zz? has order p. In particular, (z,z9) is triangular. On
the other hand, G = (29]g € G). Since G' is not a p-group, G is not triangular.

Thus we have shown:

PROPOSITION 5.4: Let k be a field of odd characteristic. There exists a positive
integer n, a finite group G < GL,(k) and = € G such that (z,z9) is triangular
for each g € G but (29|g € G) is not triangular.

The next two results show that for connected groups or over fields of char-
acteristic 0, we do have a triangular version of the Baer-Suzuki theorem. The
proofs use the theory of algebraic groups (¢f [B] or [H]) and do not depend upon

the classification of finite simple groups.
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THEOREM 5.5: Let G be a connected subgroup (in the Zariski topology) of
GL,(k) with k a field. Let ¢ € G and N = (29|g € G). Assume that all the
eigenvalues of ¢ are in k. The following are equivalent:

(a) N is triangular.

(b) (z,z9) is triangular for each g € G.

(¢) [z,29] is unipotent for all g € G.

(d) [g,z,2] is unipotent for all g € G.

(e) [z,g] is unipotent for all g € G.

(f) [G,z] is a unipotent normal subgroup of G.

Proof: We may assume that k is algebraically closed. Clearly (a) implies (b)
and (b) implies (c). Also, (f) implies (e) and (e) implies both (c) and (d).

We next show the equivalence of (a) and (f). It is obvious that (f) implies
(a). We prove (a) implies (f) by induction on n. We can assume that G acts
irreducibly. Since N is triangular, N has a nonzero eigenspace (where N acts via
scalars). Clearly G permutes the finitely many nonzero eigenspaces of N. The
stabilizer of one of these subspaces is a closed subgroup of G of finite index in G.
Since G is connected, this implies N cousists of scalars and the result follows.

Let G be the closure of G in GL,(k) (in the Zariski topology). We now prove
that (c) implies (f). Consider the map ¢ : G — G by ¢(g) = [z,29]. Since
#(G) C U, where U is the set of unipotent elements of G, $(G) C U. Since the
set of unipotent elements in G is closed, there is no loss of generality in assuming
that G = G is a connected algebraic group.

Suppose the result is false and let G be a counterexample of minimal dimension.
The minimality implies that G is an irreducible subgroup of GL, (k). In partic-
ular, G is reductive. Let B be a Borel subgroup of G containing r. Let P > B
be a maximal parabolic subgroup of G. If y is any conjugate of z contained in
P, then by induction, [y, P] is a normal unipotent subgroup of P. It follows that
y normalizes B and so y € B. Thus W := (9 : g € G,29 € B) < B is a normal
subgroup of P. If W is normal in G, then W = N is triangular, whence (a) and
so (f) holds. Thus, we may assume, by the maximality of P, that P = Ng(W).
Hence, there is a unique maximal parabolic subgroup containing B and so G’ has
rank one. So G' & (P)SL,(k). By multiplying z by a central element, we may
assume that z € G' = G and that if z is semisimple, a := tr(z) # £2. If z is not

semisimple, then +z is a transvection and [z, 7] is not unipotent for any g ¢ B.
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If x is semsimple, then we may assume that z = diag(e,a™!). Then

=1 %)

is conjugate to z and [z,y] is not unipotent. This contradiction completes the
proof of this case.

Essentially the same proof (reducing to a rank one group and verifying the
equation there) yields (d) implies (f). This completes the proof.

If () is connected, then z is in the connected component of G and the previous
result applies. In particular, this is true if z is unipotent and k has characteristic
0. In fact, we can drop the connectedness hypothesis if we assume characteristic
zero. The characteristic 0 assumption implies that all unipotent subgroups are
connected. It also implies that the result holds for groups of dimension 0 (since

the group will have no unipotent elements).

THEOREM 5.6: Let G be an algebraic group over an algebraically closed field
k of characteristic zero. Let R,(G) be the unipotent radical of G and G° the
connected component of G containing 1. Let € G and N = («%|g € G). The
following are equivalent:

(a) [NG®, V] < Ru(G).

(b) If Ny = (z,29), then [Ny, Ny] is unipotent for each g € G.

(c) [z,z9] is unipotent for all g € G.

Proof: Clearly, (a) implies (b) and (b) implies (c). We prove that (c) implies (a).
Let G be a counterexample first of minimal dimension and then with [G : G?)
minimal. Then R,(G) = 1. If G® = 1, then N is a normal abelian subgroup and
so (a) holds.

We claim G = G°(z). If not, then by minimality, [z, G°] < Ry(G) =1 and so
z centralizes G°. Thus N centralizes G°. Let C = C¢(G®). Then C" is a torus.
If C° = 1, then N is a finite normal subgroup of G, whence [G°N, N] = [N, N]
contains no unipotent elements. Thus N is abelian and (a) holds. Otherwise, by
passing to G/C?, we see that [N, N] < C° which contains no unipotent elements
and again N is abelian and (a) holds. This proves the claim.

Suppose G® = T'is a torus. Then [z,z!] = 1 forallt € T, whence [z, [z, T]] = 1.
Since z induces an automorphism of finite order on T', it follows that [z, T|NCr(z)
is finite. Thus [z, T) is finite and connected, whence [z,T] = 1. Since G contains

no unipotent elements, it follows that NV is abelian and so (a) holds.
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By a result of Steinberg [St, 7.2], we can choose a Borel subgroup B of G
such that * € Ng(B). Let U be the unipotent radicial of B. Since B # G°
(otherwise, G° is a torus), it follows by minimality that [z,B] < U. Let P be
a parabolic subgroup of G° containing B and assume that z normalizes P and
P is maximal with respect to this. Let W = (z”). By the minimality of G,
[WP,W] < R,(P) < B. In particular, W < Ng(B). The same is true for
any conjugate of z contained in Ng(B) (and observe that if y = 29 € Ng(B),
then P* and P?¥ are G’—conjugate (since G = G°(z)) and so y normalizes P).
Let V = (29|g € G,29 € Ng(B)). It follows that [VP,V] < R,(P) < U. In
particular, P normalizes V. If G® normalizes V, then V = N and [N,N]isa
unipotent group. Since R,(G) = 1, Ry(N) = 1 and N° is a torus. In particular,
N contains no unipotent elements. Thus [NB,N] < U N N =1 and the same is
true for any Borel subgroup. The result follows in this case.

By the maximality of P, it thus follows that P = Ngo(V) and so there is
precisely one such parabolic subgroup (i.e. there is a unique maximal element
among the parabolics containing B which are z-invariant). Set H = [G°,G°].
We claim H is a simple algebraic group. If not, then £ must permute the simple
factors of H transitively (by the uniqueness of the parabolic subgroup) and then
z will not centralize B/U as we observed above. Again, by the uniqueness of
the maximal z-invariant parabolic subgroup containing B, it follows that z must
induce a graph automorphism of the Dynkin diagram of H and have only one
orbit. This implies that either H has rank one or H is of type A(k). Again,
in the latter case, it follows that z will not centralize B/U, a contradiction. So
H = (P)SLy(k) and therefore £ must induce an inner automorphism. As in the
proof of the previous result, this cannot occur. This completes the proof.

In Theorem 5.6, if we only assume that G < GL,(k) with k of characteristic
zero, (b) and (c) are still equivalent (since we can replace G by its closure). We

can now prove the triangular version of Baer-Suzuki (Corollary G).

THEOREM 5.7: Let G £ GL,(k) with k a fileld. Assume that either k has
characteristic 0 or that G is connected. Let X be a triangular subgroup of G and
set N = (X9|g € G). The following are equivalent:

(a) (X,X9) is triangular for each g € G.

(b) N is triangular.

Proof: Clearly (b) implies (a). So assume (a) holds. We may assume that G
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acts irreducibly and in particular contains no normal unipotent subgroup. If G
is connected, it follows by Theorem 5.5 that X is central in G. So assume k has
characteristic zero.

We can assume that k is algebraically closed. Let G be the closure of G. Let
z € X and W, = (29|g € G). Since G is dense in G, the condition of 5.6(c)
holds for every z € X and g € G. By Theorem 5.6, [W,, W,] is contained in
the unipotent radical of G and so W, is abelian. Since G is irreducible, every
normal subgroup acts completely reducibly. It follows that W, is diagonal. Since
(X, X?9) is triangular, [z,y9] is unipotent for any z,y € X,g € G. Since also,
[z,¥9] € W,, it is semisimple. Thus [X,X9] = 1 and so N is generated by
commuting semisimple elements and so is diagonal as desired.

Our final result is a linear version of Theorem A. The proof of this result
does depend upon the classification of finite simple groups. The characteristic

restriction is probably not necessary.

THEOREM 5.8: Let G < GL,(k) with k a field of characteristic r. Assume
z € G is unipotent and that [z, g] is unipotent for all ¢ € G. If « has order r (for
example if r > n) or r =0, then (29|g € G) is a unipotent subgroup of G.

Proof: As usual, we may assume that G is finitely generated. Suppose N =
(z9)g € G) is not a unipotent subgroup. Let y € N with y not unipotent. By
Lemma. 5.1, there exists a finite field F and a homomorphism p : G » GL,(F)
such that p(y) is not unipotent. Let s denote the characteristic of F. If r is
positive, then r = s and z and p(z) have prime order r. If r = 0, then we can
assume that s > n. Thus p(z) has prime order s. The result now follows by
Theorem A.

Note added in proof: The authors have just become aware of the interesting
article [X] where (among other results) Theorem A is proved for any p-element.
The proof in [X] is much different than the one given here. It depends upon the
fact that the finite simple groups of Lie type have a block of defect zero for any
odd prime and uses the classification of finite simple groups. The proof given

here when the Sylow p-subgroup is cyclic does not depend on the classification.
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